We study renormalization group flows in the Lifshitz-like N-flavour four fermi model discussed in 0905.2928. In the large-N limit, a nontrivial flow occurs in only one of all possible marginal couplings and one relevant coupling, which provides the scale for Lorentz invariance violations. We discuss in detail the phase diagram and RG flows in the space of couplings, which includes the Lifshitz fixed point, the free field fixed point and a new fixed point characterized by z = 1 scaling and a violation of Lorentz invariance, which cannot be tuned away by adjusting a parameter. In the broken symmetry phase, the model flows from the z = 3 Lifshitz-like fixed point in the ultraviolet to this new fixed point in the infrared. However, in a modified version of the present model, which has an effective ultraviolet cut-off much smaller than the Lorentz invariance violating scale, the infrared behaviour is governed by an approximately Lorentz invariant theory, similar to the low energy limit of the usual relativistic Nambu−Jona-Lasinio model. Such a modified model could be realized by a supersymmetric version of the present model.
Introduction
Recently, there has been considerable interest in field theories in which Lorentz invariance is explicitly violated by terms containing higher order spatial derivatives. The presence of these terms leads to softer ultraviolet behaviour while preserving unitarity (which is typically lost in the presence of Lorentz invariant higher derivative terms because of ghosts associated with higher time derivatives). At very high energies, these Lorentz invariance violating terms dominate, leading to Lifshitz-like anisotropic scaling symmetry (in the classical theory) in which time and space scale differently:
x → x/a, t → t/a z . The exponent z characterizes the scaling symmetry. Lifshitz-like field theories with anisotropic scaling have been used in condensed matter systems to describe quantum criticality [1] - [6] . Recently they have also been discussed in string theory in the context of possible applications of AdS/CFT duality [7] - [15] to condensed matter systems involving strongly interacting constituents. In a separate development, the idea that a relativistic theory at low energies may have a Lorentz non-invariant ultraviolet completion was suggested in [16] . This idea has been further explored in [17] - [25] . The suggestion that an ultraviolet completion of quantum gravity may be similarly formulated [26] has serious difficulties [27] - [33] because gravity elevates Lorentz invariance to a local gauge symmetry, which cannot be broken except by some kind of Higgs mechanism. In the present work we will focus only on non-gravitational theories.
Lifshitz-like field theories with Lorentz invariance violations (LIV) have also recently been discussed in the context of applications to particle physics [34, 35, 19, 25, 36, 37] . In [35, 19] it was argued that a z = 3 Lifshitzlike ultraviolet completion of the Nambu−Jona-Lasinio (NJL) model [38] in 3 + 1 space-time dimensions has the required properties to replace the Higgs sector of the electro-weak theory. The four-fermion coupling in this model is asymptotically free, leading to dynamical mass generation for the fermions and chiral symmetry breaking. In an appropriately gauged version, fluctuations of the magnitude of the fermion bilinear order parameter 1 can be interpreted as the Higgs field. This model obviates the need for fine tuning at the expense of introducing LIV at high energies. The hope is that for a sufficiently large LIV scale, the low-energy theory could be consistent with experimental constraints on LIV 2 . This may, however, require a new fine tuning of parameters [21] .
The main purpose of this work is to analyze renormalization group (RG) flows in the model of [19] to understand in detail the possible emergence of Lorentz invariance at low energies. The analysis has been performed in the leading large-N approximation. Our findings can be summarized as follows.
• At low energies, in the fermionic sector, the theory recovers approximate Lorentz invariance, violations being of order E 2 /µ 2 , where µ is the energy scale associated with LIV. However, in the bosonic sector, in the broken chiral symmetry phase, the induced kinetic terms violate Lorentz invariance at O(1) level. The origin of these violations is simple to understand − they arise from fermion modes with energies higher than µ propagating in a loop. These violations can be made small by imposing an effective cut-off on the theory and arranging µ to be much larger than the cut-off (see the last paragraph of Section 3).
• The RG flows reveal a new nontrivial fixed point, apart from the z = 3 ultraviolet fixed point. The theory flows down from high energies to this fixed point at low energies. The above mentioned approximate Lorentz invariance in the fermionic sector and O(1) LIV in the bosonic sector are characteristic of this new fixed point. If one works with a fixed finite cut-off Λ, and sends the LIV scale µ much above Λ, the Lorentz violations become smaller and smaller, leading to an approximately Lorentz invariant theory which is identical to an effective theory derived from the NJL model at low energies, with a cut-off Λ.
The plan of the paper is as follows. In section 2 we deform the z=3 action with all possible marginal and relevant couplings (from the point of view of z = 3 scaling) and study their effect on the vacuum solution. We find that only one of the three possible four-fermion (marginal) couplings has a nontrivial flow. Moreover, there is only one relevant coupling that affects the low energy physics, namely the coupling that determines the scale of LIV. This had already been remarked in [19] , but section 2 provides a detailed justification for it. In section 3, we derive the effective action at a scale much smaller than the scale of LIV. We find that at low energies, in the broken symmetry phase, the kinetic terms induced by fermion loops for the massive scalar bound state of the fermions violate Lorentz invariance at O(1) level, which cannot be corrected by any fine-tuning of parameters. In section 4 we study the RG flow of the couplings and locate fixed points. We compare this fixed point structure with that in the relativistic NJL model. We end with some concluding remarks in section 5. Details of some of the calculations have been given in three Appendices.
The action and vacuum solutions
The model discussed in [19] consists of 2N species of fermions, ψ ai (t, x), where the index a runs over the values 1, 2 and the index i runs from 1 to N. Each of these fermions is an SU(2) spinor, where SU(2) is the double cover of the spatial rotation group SO(3). It is useful to view the index a as denoting the two Weyl components of a Dirac fermion in a four dimensional theory with Lorentz invariance. The action we consider will have the following symmetries: a global U(1) 1 × U(1) 2 symmetry 3 under which the fermions transform as
and a global U(N) symmetry under which the fermions transform in the fundamental representation
In addition to these symmetries, we will ensure that the action is invariant under the interchange ψ 1i (t, x) → ψ 2i (t, − x). This is the analogue of the parity operation in the relativistic Dirac theory. A general action which is consistent with the above symmetries and contains all the relevant and marginal couplings is given by It is useful to employ the notation of Dirac matrices and rewrite the action (3) in terms of the four-component spinor
and its Weyl components P L,R Ψ i = Ψ iL,R = ψ 1,2i . We will also use the Dirac gamma matrices
where the σ's are standard Pauli matrices satisfying [σ i , σ j ] = iǫ ijk σ k and 1 is the 2 × 2 identity matrix. In terms of these matrices, the Weyl projection operators are given by P L,R = 1 2
(1 ± γ 5 ). In this notation, the above action takes the form
As is usual for actions with four-fermion interactions, we now introduce auxiliary scalar fields to rewrite the above in the completely equivalent form of an action quadratic in fermions:
Here ρ and η are real scalar fields and φ is a complex scalar field. We have also defined
The scalars are fermion bilinear composites, as can be easily derived from their equations of motion:
Vacuum solutions
Since the action (7) is quadratic in fermions, one can integrate these out to get an effective action for the scalar fields. For vacuum solutions, it is sufficient to consider only the homogeneous modes, ρ 0 , η 0 and φ 0 , of the scalar fields. Moreover, without loss of generality, one may take φ 0 to be real. In this case, the effective action for the scalars is given by
where V denotes the volume of space-time. Also, in the momentum space representation, we have
The equations of motion are obtained by varying this action with respect to ρ 0 , η 0 and φ 0 . The calculation can be simplified by noticing that due to the "parity" symmetry Ψ Li (t, x) → Ψ Ri (t, − x), which we assume is unbroken, and the relations (9), the vacuum solutions ρ 0 and η 0 are related, i.e.
Thus, there are really only two independent variables, ρ 0 and φ 0 . Using this relation after varying (10) with respect to ρ 0 , η 0 and φ 0 , the two independent equations of motion can be written as
where we have defined the 't Hooft couplings,
and made use of the relation
which follows from equations (8) and (12) . The equations (13) and (14) are exact in the usual large N limit in which the 't Hooft couplings are held fixed. Let us first consider equation (13) . The momentum integral on the right hand side has a power divergence, so the dependence on α 0 cannot be removed by shifting k 0 . To do the integral, we need to introduce a regulator. We will use a simple cut-off regulator 5 . Continuing to Euclidean momenta, we may then writeρ
where 3 are Euclidean continuations of respectively ρ 0 , g 2 and g 3 .
In the limit of large M, the integral in (17) can be done by expanding both the numerator and denominator of the argument of the 'ln' function around (M 6 + g 2 0 k 6 ). Discarding terms that vanish as M → ∞, we get
where the coefficients I 0 , I 1 , I 2 and I 3 are functions of g 0 only and are listed in Appendix 1. In writing the above, we have continued the various parameters and fields back to Minkowski signature. Now, using relation (16), the above equation can be solved for ρ 0 :
Notice that ρ 0 vanishes if g 2 = g 3 = 0. If g 2 = 0 but g 3 = 0, then ρ 0 is nonzero, but we may take all the couplings appearing in the solution 5 Note that the regulator used here explicitly breaks Lorentz invariance. This does not affect vacuum solutions. However, in sections 3 and 4, where we consider the question of restoration of Lorentz invariance at low energies, it will be important to choose a suitably different regulator that allows for such a possibility.
as fixed, independent of the cut-off. In case g 2 = 0, then the right hand side of (19) diverges quadratically with the cut-off. However, this divergence can be removed by shifting g 3 , i.e. we set g 3 = (g
, where g ′ 3 is independent of the cut-off M. This determines ρ 0 in terms of the Mindependent couplings g 2 , g ′ 3 , g 4 , etc. The other vacuum parameter, φ 0 , is determined by equation (14) . In this case, the integral over k 0 on the right hand side is convergent and the entire integral is only logarithmically divergent. So a shift of the integration variable k 0 is allowed. Doing this enables us to get rid of the couplings g 2 , g 3 , g 4 , g 5 and ρ 0 from this gap equation. After a Euclidean continuation (k 0 = ik 4 ) it then takes the form
As discussed in [19] , this equation signals the breaking of the global U(1) 1 × U(1) 2 "chiral" symmetry (1) down to U(1). It also requires that the coupling λ have a nontrivial RG flow, which depends on the couplings g 0 and g 1 . We will analyze this flow in detail in section 4. We end this section with the following comment. It should be clear from the above discussion that in the present model all the interesting dynamics arises from the NJL type of four fermi interaction (conjugate to the 't Hooft coupling λ) and its RG flow is decoupled from the dynamics of all the other marginal couplings. Therefore, for calculational simplicity, in the rest of the paper we will set the marginal couplings g 4 and g 5 to zero. We will also set g 2 = g 3 = 0 since these couplings also do not affect the RG flow of λ.
3
Low energy effective action (6) as discussed above, and going over to the bosonic variable φ(x) as in (7), we get the action
We are interested in the low energy effective action for this system in the phase in which the symmetry (1) is broken. To derive the low energy action, we substitute in the above φ(
N , where φ 0 is the vacuum solution and σ(x) and θ(x) are respectively the magnitude and phase of the fluctuation of φ(x) around the vacuum. We get,
The phase θ is the Goldstone mode 6 . It can be "rotated" away from the Yukawa-type coupling by making the change of variables
Its derivatives will, however, now appear from the fermion kinetic terms. After this change of variables, the action takes the form
where O(Ψ∂θΨ) indicates terms involving derivatives of the Goldstone mode θ. In the following we will ignore these terms and retain only the mode σ.
There is no basic difficulty in retaining θ also, but this is not essential for describing the RG flow of λ and LIV properties of the low energy action 7 . To proceed further, it is convenient to rewrite the action (23) in momentum space. We have
6 If the U (1) 1 × U (1) 2 symmetry is gauged (in such a manner that there are no anomalies), then this mode will be eaten up by the gauge fields by the usual Higgs mechanism.
7 There are no terms in the low energy action which mix θ and σ at the quadratic level. Moreover, the induced kinetic terms for both the fields are finite in the limit of infinite UV cut-off. Only the coefficient of the σ 2 term diverges and needs to be renormalized. Hence, for simplicity, in the following we have set θ to a constant.
where V denotes the volume of space-time and l( k) is given by (11) . As discussed in the next section, although this action depends on the two parameters g 0 and g 1 , the physics described by it actually depend on only a particular combination of these, namely
µ has the dimensions of energy. As discussed below, its significance is that it is the energy scale at which Lorentz violations become important. The action (24) can, in fact, be explicitly written in terms of this combination. However, two different versions of the action are needed to cover the entire line of real values of µ, from zero to infinity. In the form (24), the action is valid for all values, but at the expense of having a redundant variable. We will discuss this issue further in the next section after we have obtained the low energy action. The action at low energies is obtained by integrating out high energy modes from this action. To carry out this procedure, we will need to regularize divergences in loop momentum integrals, which we will do by using a cut-off that scales like energy. However, the way in which the cut-off is imposed needs to be chosen carefully, because an arbitrarily chosen cut-off procedure (in a theory with LIV) might preclude the possibility of an approximate restoration of Lorentz invariance at low energies. We choose to impose a cut-off on the expression (k
, where k 4 = −ik 0 is the Euclidean continuation of energy. To understand why it is natural to adopt this cut-off procedure, recall the definition of l(k) = | l( k)| = k|g 0 k 2 + g 1 |, given in (11). Now, for g 1 = 0, we can completely scale it out of this expression by the scaling k → k/|g 1 |. This gives l → k|ǫµ −2 k 2 + 1|, where ǫ = ±1 is the relative sign of g 0 with respect to g 1 . For k << µ, (k
. Thus, the proposed cut-off is naturally consistent with the possibility of Lorentz symmetry restoration at low energies 8 . In the following we will use the notation [d 4 k] E→Λ to indicate that the integral over Euclidean momenta is restricted to the region E 2 ≤ (k 8 By contrast, a cut-off such as the one used in (17) is intrinsically Lorentz non-invariant. With such a cut-off, possible emergence of Lorentz invariance at low energies will not be manifest.
where the θ is the usual step function. Note that both Λ and E have dimensions of energy. For the special case of E = 0, it will be convenient to use the more compact notation [d 4 k] Λ . Let us now integrate out from (24) all the modes between (k
where Λ is the cut-off and E < Λ. The action with the lower energy cut-off E is given by
Details of the calculation leading to (27) as well as the calculations of the coefficients C n (n = 0, 1, 2, 3) have been given in Appendix B. We have retained terms only up to O(1) in large N and up to two derivatives of σ(x). The "classical part" refers to the contribution which comes from the action evaluated on the classical solution.
Notice that even though the scalar field started out as an auxiliary field, it has now developed kinetic terms. As can be seen from equations (56)-(58), these terms imply a maximum attainable velocity at low energies for the σ particle, which is given by
where c ψ = |g 1 | is the maximum attainable velocity of the fermions at low energies. The quantitiesC 1,2 have been defined in (58). In general c σ = c ψ , leading to LIV at low energies. As a check on our calculations, it is not difficult to see that for g 0 = 0, c σ = |g 1 |. Thus, we recover properties of the usual relativistic NJL model in the appropriate limit. Note that for g 0 = 0, the model is renormalizable since the momentum integrals involved in the computation of C 1,2 are finite in the limit Λ → ∞. However, for g 0 = 0, a finite Λ is essential since in this usual, nonrenormalizable, relativistic NJL case the momentum integrals diverge.
What is the extent of the LIV at low energies? It follows from the above discussion that the magnitude of LIV depends on the deviation of the ratio c σ /c ψ from unity. From equations (56)-(58) in Appendix B, we see that this quantity depends on the various energy scales only through the dimensionless ratios
In Figure 1 we have plotted c σ /c ψ as a function of µ 
RG flows and fixed points
Classically, at high enough energies (where all masses can be ignored), the action in (23) has the scaling symmetry under which
where a is the parameter of scaling transformation. This is the z = 3 Lifshitz-like fixed point. For g 0 = 0, classically the free fermi theory has the scaling symmetry x 0 → x 0 /a, x → x/a, Ψ → a 3/2 Ψ. This is the familiar Lorentz invariant case, which can be described in the above language as a z = 1 fixed point. At energies much smaller than the scale µ, Lorentz violations are small even for z = 3, and so classically one recovers an approximately Lorentz invariant theory at low energies. In the following, we will study RG flow in the quantum theory from the z = 3 fixed point in the ultraviolet to find out what theory it flows to in the infrared.
Determination of renormalized parameters
In order to study the flow from high to low energies, we need to find out how the various couplings get renormalized. The starting point in the determination of the renormalization of the couplings in action (24) , in the leading large N approximation, is the low energy action (27) . To implement the Wilson RG procedure, we need to rescale the cut-off E in (27) back to the original cut-off Λ. As discussed above equation (25), our cut-off procedure imposes the restriction (k
Euclidean space momentum integrals. Writing E = bΛ, we see that the cut-off E on the low energy action (27) can be rescaled to Λ by the scale transformations (change of variables) k 4 → bk 4 , k → ak, followed by the scalings of the couplings
These give the renormalized couplings and RG flow in the free fermion theory. Notice that the scaling parameter, b, for the energy is, a priori, unrelated to the scaling parameter, a, for the momenta. The z = 3 fixed point behaviour corresponds to choosing a = b 1/3 , and then the couplings scale as g ′ 0 = g 0 and g
Since in this case g 0 is invariant under the RG flow, we can set it to unity by scaling k → |g 0 | −1/3 k, leaving only one independent coupling, namely g 1 . Choosing a = b instead, one gets g ′ 0 = b 2/3 g 0 and g ′ 1 = g 1 , which are the scalings appropriate for a z = 1 fixed point. In this case, g 1 is invariant under the RG flow and so we can scale it away by k → k/|g 1 |. Once again we are left with only one independent coupling.
The two fixed point behaviours discussed above can be treated together by setting a = b 1/z where z = 3 or 1 11 . Then, using the cut-off Λ to define the dimensionless renormalized couplings, we get
They satisfy the RG equationṡ
where a dot denotes a derivative with respect to (−lnE) 12 . Using these two couplings, we can define the renormalized version of (25):
This is precisely the quantity defined in (29) .
In the leading large-N approximation, the free field renormalization (32) is not affected by the Yukawa coupling. However, the 't Hooft coupling λ does receive quantum corrections. Its renormalization can be deduced from the term proportional to C 0 in the low energy action (27) . Scaling the cut-off E back to Λ in (27) and using the expression for C 0 given in (55), we get
Now, using ( [
and substituting a = b 1/z , we can simplify this equation to get
where
12 Note that in this convention, the RG flow is from high to low energies. This is opposite to the convention generally used in high energy physics. 13 In the broken phase, ξ = 0 by the gap equation (20) . In the unbroken phase, ξ is a non-zero constant, independent of E. For this reason, it turns out that the RG equation obtained in (38) , for the dimensionless coupling λ R defined in (37), does not depend on ξ. Consequently the RG equation in the unbroken phase can be obtained from (38) by specializing to φ R = 0.
So, for the dimensionless renormalized coupling, λ R ≡ Λ 3 z −1 λ ′ , we get
This leads to the RG equatioṅ
where ǫ = ±1 is the relative sign of g 0 and g 1 , φ R ≡ φ 0 /E is the dimensionless renormalized coupling corresponding to the vev (with the RG equationφ R = φ R ) and
Note that the form in which the right-hand side of (38) has been written is inappropriate for the special case g 0R = 0. In this case one must use the alternative, but entirely equivalent, form:
R . It is easy to see that h 1 → 1 as µ R → ∞.
The renormalized action
In terms of the dimensionless renormalized couplings, the low energy action (27) can be written as
z . Moreover, the renormalized fields are related to the bare fields by Ψ iR = b 3 2z
The coefficients C 1,2R are related to C 1,2 and have been defined in (60).
This action seems to depend separately on the two couplings g 0R , g 1R , but actually the physics described by it depends only on the combination µ R , (33) . To see this more explicitly, let us make the change of variables
After this change of variables, the action takes the form
where l R ( k ) = k (ǫk 2 /µ 2 R + 1) andC 1,2 are given by (59). This form of the action makes it explicit that physics depends only on the combination µ R since any separate dependence on g 0R , g 1R has now disappeared.
The form (42) of the low energy action is not suitable for small values of µ R (equivalently for small values of g 1R or large values of g 0R ). In this case, a more suitable change of variables in the action (41) 
. It can be shown that C ′ 1,2 have a finite limit as µ R → 0; see equations (58)-(63). This form of the low energy action is now suitable for small values of µ R .
We have thus found two equally valid descriptions of the physics of the 4-fermi theory. One is that given by the action in (41), which is valid for all the values of the renormalized coupling µ R . However, in this form the action depends on two couplings, g 0R and g 1R . In the form (42) and (43), the low energy action depends only on the combination µ R of these, but two different descriptions are needed to cover the entire range of possible values of µ R .
Fixed points
As we have argued above, the relevant renormalized coupling constants in the low energy theory are λ 1 = λ R /|g 1R | 3 and λ 3 = λ R /|g 0R |, with λ 3 = µ 2 R λ 1 . The RG equations for these can be obtained from equations (38) and (40) using (32) . We geṫ
Together with these, we also have the RG equation for µ R , namelẏ
The second of these is appropriate for large µ R . Equations (44)-(46) constitute the set that describes the RG flows in this model 14 . We emphasize that the explicit dependence on z has dropped out of these equations. This is nice since one expects that specific values of z should characterize only the end points of an RG trajectory, not the trajectory itself. Now, let us first consider the case of small µ R . In this case, the appropriate equation is (44). We see that there is a possible fixed point at λ 3 = 0. For this to be a fixed point, we must also have µ R = 0 and φ R = 0. This is what we have been describing as the z = 3 Lifshitz-like fixed point.
The case µ R → ∞ is more interesting. In this case we must use (45), which in the limit approximates to the equatioṅ
For a fixed point we must have φ R = 0 and one of the two possibilities:
The first of these is the free field (Gaussian) fixed point and the second is a new Lorentz invariance violating fixed point. Figure 2 shows a plot of the RG flows near the three fixed points we have found. The data for this figure have been obtained using the exact RG equations (44) and (45). Note that we have used ǫ = +1 in these calculations. In the broken phase, on the critical line φ R = 0, the RG flow from UV ends on the Lorentz invariance violating fixed point in the IR. This can be seen directly from (37) . Making the change of variables k 4 → Ek 4 , k → Ek/|g 1 | in this equation, we get
where, as before, In the unbroken phase, |g 1 | 3 ξ is a non-zero constant, independent of the flow parameter E, while E → 0 in the IR. Thus, in the unbroken phase the RG flow will terminate at λ 1 = 0 in the IR.
What does the theory look like at these two fixed points? Consider first the nontrivial fixed point at λ 1 = 8π
2 . The fixed point action can be obtained from (42) by setting φ R = 0 and taking the limit µ R → ∞. For φ R = 0, the fermions become massless. In the σ kinetic terms, the coefficientsC 1,2 grow logarithmically in the limit µ R → ∞, as shown in (65). The implication is that as we approach the fixed point λ 1 = 8π 2 , the kinetic terms for σ grow and eventually dominate the mass term. This can be seen more directly by the rescaling σ → σ/ C 1 . In the limit µ R → ∞, the mass term and the Yukawa interaction disappear, leaving behind a massless scalar decoupled from the fermions. So the theory at this fixed point has free massless fermions and a free massless scalar, the maximum attainable velocity of the latter being different from the former, unlessμ ≫ 1, in which case Lorentz invariance is restored near the fixed point.
Note that our analysis implies the existence of a fixed point in the usual relativistic NJL model as well. This can be established as follows. The RG equation for the 4-fermi coupling in the NJL model can be obtained by settingμ ≫ 1 and z = 1 in (40) . Since µ R ≫μ, this also implies µ R ≫ 1. For large µ R and z = 1, the equation for λ 1 = λ R /|g 1R | 3 is precisely (47). Moreover, from the low energy action (42), we see that in this parameter regime the Lorentz violating piece in the fermion kinetic term vanishes and the coefficientsC 1,2 work out to be those appropriate for a relativistic NJL model with a cut-off Λ, as we have argued below equation (65).
The other fixed point, that at λ 1 = 0, is described by just a free massless fermion. This is because near this fixed point the σ mass goes to infinity as µ 2 R because of the manner in which λ 1 approaches the fixed point, which is described by equation (48). Therefore, this time the rescaling σ → σ/ C 1 leaves the mass term as dominant, with the mass going to infinity. Hence σ decouples at the fixed point, leaving behind free massless relativistic fermions. This is the theory that one gets from the original four-fermi model at the trivial (Gaussian) fixed point.
Concluding remarks
In this paper we have analysed RG flows in a z = 3 Lifshitz-like four fermi model, which is ultraviolet complete in 3 + 1 dimensions. The model flows in the infrared to a theory in which Lorentz invariance is violated at O(1) level, which cannot be tuned away by adjusting a parameter. The origin of these violations can be traced to fermions with energies higher than the Lorentz violating energy scale, propagating in loops and contributing to the induced kinetic terms for the composite boson, in the chiral symmetry broken vacuum. However, if one works with a finite cut-off, which is taken to be much smaller than the Lorentz invariance violating scale, then the model flows in the infrared to an approximately Lorentz invariant theory even in the bosonic sector, which is similar to the low energy limit of the usual Nambu−JonaLasinio model in the broken phase. A physical way of interpreting the cut-off could be as supersymmetry breaking scale in a supersymmetric version of this model. In this case, the offending contributions of fermions in loops would be cancelled by their supersymmetric partners and the Lorentz violations would be controlled by the ratio of the Lorentz violating scale to the supersymmetry breaking scale, which can, in principle, be made small. Possible applications of the present model to the Higgs sector of the Standard Model would then put constraints on these two scales for consistency with data.
A remarkable feature of the general RG equations we have obtained, (30) and (34) , is that they describe flow in two scaling parameters, namely a and b. More generally, in a theory with anisotropy in n different directions, the RG equations will describe flow in n parameters. The parameters presumably get related near a fixed point, as in the present example in which we found that a = b 1 z near the fixed point labeled by the exponent z. Away from the fixed points, however, a more general flow in multiple scaling parameters would seem to be more appropriate. It would be interesting to explore such more general flows.
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A Coefficients appearing in the vacuum solution
We give here the coefficients I 0 , I 1 , I 2 and I 3 that appeared in equation (18):
(49)
B Evaluation of the low energy effective action
Here we give some details of the calculation that lead to the low energy action (27) . Integrating out the high energy modes of the fermions gives the effective action
and 'Tr' stands for integration over high momenta (between the lower cut-off E and upper cut-off Λ, as explained above equation (27) ) and trace over all indices. ∆S can be expanded as
Each factor of B comes with a factor of 1 √ N and hence the "higher powers" of (A −1 B) are subleading in 1/N. Thus, powers higher than quadratic in σ(k) in the effective action (27) are subleading in 1/N, which we omit. Now,
where 'tr' stands for trace over Dirac indices only. Also, Tr(A −1 B) is given by
where we have continued the momenta to the Euclidean signature. Thus, the coefficient C 3 appearing in (27) is given by
Now,
Expanding to quadratic order in p 0 , | p| for small values, the above expression gives
Thus, the action will be of the form given by equation (27) where C 0 is given by
Moreover, the coefficients C 1,2 are given by 
where ∆(k 4 , k) = 1/(k ). For nonzero values of g 0 and g 1 , one can express the dependence of C 1,2 on these parameters essentially only through one combination, the scale µ defined in (25) . For example, one can scale out the dependence on g 1 . This can be done by the change of the integration variable k → k/|g 1 |. We get where ǫ = ±1 is the relative sign of g 0 and g 1 . In terms of the dimensionless renormalized parameters defined in (29) and (33), it is easy to show that
R , 1; µ R /μ, 1, φ R ) = C 1,2 (ǫ, 1; 1/μ, 1/µ R ,φ/μ),
whereφ = φ 0 /Λ andμ = µ/Λ are the values of the respective running couplings, φ R , µ R , at the UV cut-off. The form in the second equality will be useful later when we discuss the E → 0 limit of these coefficients. Now, from the first equality of (59) and (58), we get
Similarly, scaling out the dependence on g 0 , we get C 1 (g 0 , g 1 ; Λ, E, φ 0 ) = |g 0 | −1 C 1 (ǫ, µ 2 3 ; Λ, E, φ 0 ), C 2 (g 0 , g 1 ; Λ, E, φ 0 ) = |g 0 | −1/3 C 2 (ǫ, µ 2 3 ; Λ, E, φ 0 ).
Moreover, one can easily show that in terms of the renormalized parameters, 
Then, from (60)-(62), one gets
It is easy to see that C ′ 1,2 are finite for µ R = 0. It follows that the quantities on right-hand side of equations in (63) have a finite limit as µ R → 0.
C Limiting behaviour ofC 1,2
Here we will discuss the limiting behaviour of the coefficientsC 1,2R , given by (56), (57) and (59), for large values of µ R , which is the IR regime of small E. We first note that for any positive real number η satisfyingμ R →η −1 · · · ). It follows from this identity and the second equality of (59) that C 1,2 = C 1,2 (ǫ, 1; 1/μ, 1/η,φ/μ) + C 1,2 (ǫ, 1; 1/η, 1/µ R ,φ/μ)
We are interested in the limit of large µ R forφ = 0. The µ R dependence of C 1,2 comes only from the second term above. In the limit 1 ≫ η −1 > µ −1 R , the calculation of this term greatly simplifies since the "higher derivative" terms can be neglected. That is, in this regime of parameter values, k ≪ 1 throughout the integration range, so we may neglect k 2 compared to 1. Then, from (56) and (57), we find that the leading contribution goes as 
We see thatC 1,2 grow logarithmically with µ R . Ifμ ≫ 1, then we may choose η =μ. In this case,C 1 ≈C 2 ≈ 1 8π 2 ln (µ R /μ). These are just the values for these coefficients in the relativistic NJL case. However, in general,C 1 is quite different fromC 2 and both are quite different from the corresponding quantities in the relativistic NJL case. Therefore, in general the σ kinetic terms do not have Lorentz symmetry, as discussed in section 3 below equation (28) .
